On finite-dimensional representations of two-parameter 
quantum affine algebras 

Naihuan Jing and Honglian Zhang* 

Abstract. A notion of Drinfeld polynomials is introduced for modules of 
two-parameter quantum afBne algebras. Finite dimensional representations 
are then characterized by sets of /-tuples of pairs of Drinfeld polynomials with 
certain conditions. 



1. Introduction 

Quantum groups were introduced independently by V. G. Drinfeld |D1| and 
M. Jimbo jJbj in 1985 using Chevalley generators and Serre relations. A few years 
later, Drinfeld |D2j found the second definition of quantum afhne algebras and 
Yangians in terms of root vectors and introduced certain polynomials to characterize 
finite irreducible representations of Yangians. He showed that and the Yangian 
representations are finite dimensional if and only if their Drinfeld polynomials are 
of certain form. Later Chari and Pressley |CPlj - [CP3| generalized the notion of 
Drinfeld polynomials to quantum affine algebras and proved similar results for finite 
dimensional representations of both untwisted and twisted quantum enveloping 
algebras. Drinfeld polynomials are also related to Frenkel-Rechetikhin characters 
jFR) of finite dimensional irreducible representations. 

Two-parameter quantum enveloping algebras are generalization of (one-para- 
meter) quantum enveloping algebras. The original examples are introduced as 
generalization of noncommutative Hopf algebras fT], [J], IDol with close connections 
with Yang-Baxter equations [R . They were first defined in general for finite types 
using specific forms of Cartan matrices |BWll IBW2| |BGHll IBGH2| [HHl 
IHS] . The affine cases were introduced in |HRZ] using vertex representations, and 
the toroidal cases by the authors |JZ1] in the context of McKay correspondence. 
As in the one-parameter cases various combinatorial realizations for 2-parameter 
quantum affine algebras were given in |JZll IJZ2] , where the meaning of the second 
parameter was explained. 

Motivated by Drinfeld's and Chari-Pressley's work, we study finite dimensional 
representations of two-parameter quantum affine algebras in this paper. We intro- 
duce Drinfeld polynomials for two-parameter quantum affine algebras and show 
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that they are again characterizing the finite irreducible representations. Although 
the theory is much expected, there are some new features in this situation. The 
most notable one is that there are in fact a pair of related two-parameter Drinfeld 
polynomials for each finite dimensional representation instead of one for the posi- 
tive root vector and negative root vector. For completeness, we provide all proofs in 
the case of SI2 which in turn implies the general cases. In particular we try to elab- 
orate more for the cases when two-parameter quantum enveloping algebras have 
distinct features. Just as in the usual case, the two-parameter cases are essentially 
in one-to-one correspondence with the one-parameter quantum groups. 

The article is arranged as follows. After a quick introduction of two-parameter 
quantum afHne algebras in Section 2, we define the category of finite dimensional 
representations of 2-parameter quantum enveloping algebras in Section 3 and in- 
troduce the notion of Drinfeld polynomials. A general result is shown as in the 
one-parameter case. In Section 4 we study the case of Ur,s{sl2) in details and prove 
the existence of a pair of Drinfeld polynomials for each finite dimensional represen- 
tation. Finally in Section 5 we discuss some specializations of two parameters. 



2. Two-parameter quantum afRne algebras 

2.1 In this subsection, we recall the definition of two-parameter quantum algebras 
UrAs)^ developed in }HRZj . [HZT] and [HZ2] . Here we let be an untwisted 
affine Lie algebra. 

Let K = Q(r, s) be a field of rational functions with two indeterminates r, s. 
Let $ be the finite root system of g with 11, a base of simple roots, which is a subset 
of a Euclidean space R" with an inner product ( , ) . Let ci , £2 , • • • , denote an 
orthonormal basis of K". Let S denote the primitive imaginary root of the affine 
Lie algebra g, and let 9 be the highest root of the simple Lie algebra g. Define 
ao = S — 9 , then 11' = {ai \ i G Iq} is a basis of simple roots of the affine Lie 
algebra g 

We recall that the quantum number in two parameters is defined by 

n _ n 

\n] = — = r"-i + r^'-^s + ■■■ + rs''-"^ + s"-\ 

r — s 

and the Guassian numbers are defined similarly. 

Definition 2.1. ( [HRZj . [HZlj . |HZ2| ) Two-parameter quantum affine 
algebra Ur,s($) is the unital associative algebra over K generated by the elements 
Cj, /j, w^^, bj'j^^ [j 6 /g = {0, • • • satisfying the following relations: 

(i21) WiWj^^ = w-o;-^^ = 1, and 

(i?2) For i, J e /o, 

ivje^ajj^^ = {ij)ei, ujj fiUjf^ = fi, 

[Ri) For i, j G /q, we have 
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(i?4) For any i ^ j, we have the (r, s)-Serre relations: 

^ 1 — a;. 
, 1 — a; 



(adje^) """(ejO^O, 
(ad,/0'~"'M/,) = O, 



where the definitions of the left-adjoint action ad/ ei and the right-adjoint action 
adr fi are given in the following sense: 

ad; a (6) = ^ a(i) 6 5(0(2)), ad^ a (6) = ^ S'(a(i)) 6a(2), V a, & G C/r,s(0), 

(a) (q) 

where A(a) = X](o) '^(i) '^'^(2) is given by proposition 12 .31 below, and the structural 

constant (i, j) is the (i,j)-entry of the two-parameter quantum Cartan matrix J, 
given as follows respectively. 
For type aI^-* with n > 1, 
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For type Eg 
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Remark 2.2. In [JZll IJZ2] the Fock space realization of two-parametr quan- 
tum afiine algebras of types A and C were given in terms of Young tableaux. The 
combinatorial model shows that the parameters r and s correspond roughly the 
scalars in the insertion and removing operators. The following fact is straightfor- 
ward. 

Proposition 2.3. (^HRZj. |HZ1| . |HZ2l ) Two-parameter quantum affine al- 
gebra U = Ur.sio) is a Hopf algebra with the coproduct A, the counit e and the 
antipode S defined below: for i £ Iq, we have 

A{ei) = e,®l-^uj,®e^, A(/,) = 1 + ® w-, 
eicut) = e{Lof^) - 1, e(e.) = e{h) = 0, 

5(ei) = -Wj'^e,;, S{fi) = -fiuj'i'^. 

2.2 As is well-known, quantum affine algebras have another realization called 
Drinfeld realization |D2j . For two-parameter cases, there also exists analogous 
realization isomorphic to the algebra structure defined in definition 2.1 f [HRZl 
lHZTl[HZ2] \ 

Definition 2.4. ( [HRZj . [HZlj . [HZ2j ) The unital associative algebra Z^r,s (5) 

over K is generated by the elements xf{k), ai{£), ujf^, w- 7^2^ 7'^^, (i G / = 
{1, 2, • • • , n}, k, k' e Z, £, I' £ Z\{0}), subject to the following defining relations: 
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(Dl) 7^2^ '^'^l are central such that 77' = rs, WjWj ^ = w^w^ ^ = 1, and for 
i, j e /, one has 



(D2) 
(D3) 



1^1 



r — s 



/±i ■ 



0. 



(D5i) [aS),xf{k)] ^ ± <-)^(<'--]^;t,:f'-^^) Y±^:^,^(m), /or f > 0, 



(D52) 



xf{k+l)xf{k') {J,^)^'xf{k')xf{k+l) 

= [xf{k'+l)xf{k) - {z,j)^'xfik)xf{k'+l)). 

(D7) [x+(fe), x-(fc')] = ^^f7'"S~^w,(ft+fc')-7''7'^w:(fc+fc') 

where cji(m), a;^(— to) (to G Z>o) such that iOi{0) = oJi and a;-(0) = a;- are defined 
as below: 

00 00 

uji{m)z~'^ = LOi exp ({ri-Si) ^ ai(^)^~^ j , (a;i(-m) = 0, V to > O) ; 

00 00 

^a;a-m)^'" = u;^exp(-(n-Si)^aiMy), (a;^™) = 0, Vto>0). 
xf{m)xf{k) = {j,i)^^xf{k)xf{m), for = 0, 



m=0 



(D81) 
(D82) 



1 — a; 



±i 



xf{mi)---xf{mk)xf{e) 



xx^ (mk+i) ■ ■ ■ x^ {rUn) = 0, for a^- ^ 0, 1 < j < i < n, 



(D83) 



1 — 



(TOi)---a;f (TOfc)a;f W 



xxf (m^+i) • ■ • (m„) = 0, For a^- 7^ 0, 1 < « < j < n. 

where [l]±i, [^]ipi are defined the same as before by replacing r, s by ri,Si respec- 
tively, Sym^^ ... „^ denotes symmetrization w.r.t. the indices (toi,--- ,to„). 
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Similar to the classical case the Poincare- Birkhoff-Witt theorem also holds 
[HRZ] . 

Let Z^r,s(n) denote the subalgebra of Ur^s(n), generated by a;^(0) {i £ I). By 
definition, it is clear that Wr,s(n) ^ ?7r,s(n), the subalgebra of C/r,s(0) generated by 
Ci {i e I). 

The algebra Ur,s(3) has a triangular decomposition: 

Z^,,, (5) = Z^^,, (H- ) ® W° , (fl) ® W^,, (n) , 

where Ur.s{n^) = 0Q,gQ± Z^r,s(n^)Q is generated respectively by xf{k) {i G /), and 
Uresis) is the subalgebra generated by uf^, uj'^^, 7^^, 7'^^, D^^, D'^^ and ai{±l) 
for I G /, € G N. Namely, U^^(q) is generated by the toral subalgebra Ur,s(Q)^ and 
the quantum Heisenberg subalgebra 'Hr,s(3) generated by the quantum imaginary 
root vectors ai{±£) {i € I, £ €N). 

2.3 In this subsection, we give some automorphisms of the two-parameter quantum 
affine algebras Ur,s(g). Their properties can be verified directly. 

Proposition 2.5. For I~tuples a — (ctq, • • • , CTn) £ {±1}"^\- there exists an 
unique automorphism a^- of two-parameter quantum affine algebra C/r,s(0) such that 

acr(ei) = CTi gj, a„{fi) = 

Proposition 2.6. There exists an automorphism Fi of two-parameter quantum 
affine algebra Ur,s(Q) such that 

ri(7±^) = -7±^, ri(7'±^) = -7'±^ ri(xf (fc)) = (-i)V(fc) 

Ti{a^{k)) = ai{k), Ti{u>i) ^ uji, Ti{uj'^)^ujI 

Proposition 2.7. For a G C*, i/iere exists an unique automorphism T2 of 
two-parameter quantum affine algebra lAr^s(Q) such that 

r2(7±^)=7±^ ^2(7'^^) = 7'^^ T2{xf{k)) = a^xf{k) 
T2{L0,{k))=a''L0,{k), T^Hik)) = a-'^L^m, r2{io,) ^ u,, ^2(c^^)-w^ 
3. Finite-dimensional representations of t/r.s(5) 

3.1 In this subsection, we study finite-dimensional representation theory of Ur^sCo) 
analogue to the one-parameter situation ( |CP1| - |CP3) ). For finite dimensional g 
the highest weight representations of Ur^sid) have been discussed in [BW2j and 
|BGH2) . 

Let P be the weight lattice of the simple Lie algebra g, and be a represen- 
tation of Ur,s{9)- We say A G P is a weight of W, if the weight space 

W\ ^ {w e W\ ujiW = {ujx, uji)w, w-w = {uji, ujxy^w, Vi} ^ 0. 

Here we have extended the definition of ( ) from A G Q to A G P via appropriate 
half- integer powers when necessary. A representation W of C/^, s(fl) is said to be of 
type 1, if it is the direct sum of its weight spaces, that is, 

W^A, 
xewt(w) 
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where wtCW) is the set of weight of W. 

A non-zero veetor w G W\ is eallecl a highest weight vector if • w = 
for all i G /, and is a highest weight representation with highest weight A 
ii W = Ur,s{3)'W for some highest weight vector w G W\. Any highest weight 
representation is of type 1. 

We now turn to the representation theory of Ur^sio)- A representation V of 
Uresis) is of type 1 if 7^ and 7'^ act as the identity on V, and if V is of type 1 as 
a representation of Ur,s{Q)- A vector v gV is a. highest weight vector if 

xf{k) -v = 0, 0Ji{m) ■ V = ^f^v, a;-(-m) • v = $7-m^' 1^ ■ v = v, ^'^ ■ v = v, 

for some complex mmiber $f±„. A type 1 representation F is a highest weight 
representation if = Ur.s{Q)v for some highest weight vector v, and Let e = ± = 
±1, the pair of (/ x Z)-tuples em)i&i,mez>o is called the highest weight of V. 
The following result can be proved similarly as in the one-parameter case. 

Proposition 3.1. If V is a finite dimensional irreducible representation of 

Ur,s{3), then 

(1) V can he obtained from a type 1 representation by twisting with a product 
of an automorphism a^ . 

(2) IfV is of type 1, then V is highest weight. 

3.2 In this subsection, we give the the main results on the finite-dimensional 
representation of C/r,s(0)- Though the results are similar to the one- parameter 
case, they also carry some different aspects for the two-parameter case. 

If A G P~^, let be the set of /-tuples {Pi)i^i of polynomials Pi G C[u], with 
constant term 1, such that deg{Pi) = X{i) for all i G /. Set V = [j V^. 



Theorem 3.2. Let = {^\ ^^•mei,mei be a pair of {I x Z)-tuples of com- 
plex numbers, then the irreducible representation V{^, ^) of J7r,s(0) is finite- 
dimensional if and only if there exists P = (Pi)iGi G V such that 



in the sense that the positive and the negative terms are the Laurent expansions of 
the middle term about and 00, respectively. 

Proof. We will discuss the case of Ur^si^h) in next section. Assuming the 
result is true for Ur^sish), we can argue the general case easily. First of all, the 
necessary condition (the "only if" part) is trivial. Now suppose that there exists 
a family of polynomials P = (Pi)igi G V satisfying the condition in the theorem. 
For each i G /, as a module for the ith copy Ur,s{sh), the existence of Drinfeld 
polynomials implies that for each i € I the span of irreducible ith J/^., s(5[2)-module 
is finite dimensional. However, as in the case of quantum affine algebras, the 
collection of these spans are exactly the whole module for J/^, s(fli), so it is also finite 
dimensional. □ 

Assigning to V the n-tuple P defines a bijection between the set of isomorphism 

classes of finite dimensional irreducible representation of Ur. sis) of type 1 and P. 
We denote the finite-dimensional irreducible representation of Uresis) associated to 
P by V(P), and we say that P its highest weight. 



xeP+ 



m=0 




00 



' Pi{{rs)^'^^3{Pi)riz) 
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Remark 3.3. For each i e / and a G C*, we can define the irreducible represen- 
tation Vwi{a) as V{Pa ^), where Pi*-* — (Pi, • • • , P„) is the n-tuple of polynomials, 
such that Pi{u) — 1 ~ au, Pj{u) — 1. for all j ^ i. We call Vwi{a) the ith funda- 
mental representation of Ur.s(Q)- 

Theorem 3.4. Let F, Q £ V be as above. Let v-p and vq be highest weight 
vector ofV(P) and V^(Q), respectively. // P (g) Q denotes the I— tuple {PiQi)i^i ■ 
Then V(P ® Q) is isomorphic to a quotient of the submodule of V^P) ® V(Q) 
generated by the tensor product of the highest weight vectors vp and vq. 

Corollary 3.5. Any finite dimensional irreducible module of C/,-,s (5) of type 
1 is isomorphic to an quotient of the submodule of a tensor product of fundamental 
representations. 

3.3 Similar to the one-parameter case, for any representation V of C/r,s(fl) , we can 
decompose V into a direct sum V = (BV^± , where 

= {a; e Vli'pfj^^ - j^^f ■ X = O,for some p,Vi, m}. 

Given a collection (7j^„) of eigenvalues, we form the generating functions 

m>0 

The following result is an analogous one for one- parameter case [FRj . 

Proposition 3.6. The generating functions (u) of eigenvalues on any finite 
dimensional representation of Ur,s{Q) have the form 

±, . degR,-i^^ iiJf^ R,{us^)Q^{ur,) 

Ri[uri)Qi[uSi) 

as elements of C[[u]] and C[[u^^]], respectively, where Qi{u), Ri{u) are polynomials 
in u. 

4. The case of Ur,s{5^2) 

4.1 We recall the evaluation map of the two-parameter quantum affine algebra 
CA-.slsb) in this subsection and give necessary computations, see [ZPi for more 
details in this case. As in the one-parameter case, C/r.slsb) plays a similar role for 
the general theory. We also see that there are lots of similarity with the usual case, 
for completeness we still provide detailed analysis as an example for the general 
two-parameter quantum affine algebras. 

Proposition 4.1. For any a G C*, there exists an algebra morphism evj, from 
Ur,s{5\2) to Ur.si^h) defined as follows: 

evaieo) ^ r'^sa f, evaifo) ^ rs^^a^^ e, eva(ei) = e, eva(/i) = /, 

eVa(wo)=w', eva(wi)=w, eVa(wo) = a;, eva{uj[) ^ uj' . 

Using the Drinfeld isomorphism theorem, now we can lift the evaluation mor- 
phism eva to its Drinfeld realization Ur.sish), we also denote it by eva without 
ambiguity. 
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Proposition 4.2. There exists an algebra morphism ev^ from Ur.sish) to 
Ur^si^h) defined as follows: 

eva(7) = 1 = evQ(7'), eva(w) = u>, evaito') = w', 

eYa{x+{k)) = r-'^s'^aV-'^e, eva(a;-(fc)) = r'^ s^a^ fw'' . 

Similar to the one-parameter case, we can define the evaluation representation 
oilAr^si^h) as follows: 

Definition 4.3. For a G C* and n G N, we call these Vn{a) evaluation repre- 
sentations of quantum affine algebra lAr.s{5\-2)- 

We recall the representation of Ur,s{^h), see |BW2j and |BGH2| for more 
detail. For the representation Vn of Ur,s{5h) of dimension n-|-l, there exists a basis 
vq, vi, ■ ■ ■ , Vn oi Vn sucli that 

e-Vi = [n+l- i]vi^i, f ■ v., = [i + l]vi+i. 



Proposition 4.4. As a vector space, Vn{a) is nothing but Vn, and the action 
ofUr^si^h) is given by: 

x+{k) ■ V, = a^s-'^^'irs^^y^'ln + \ - i] v,^i, 
x-{k) ■ ^ a'=r"'=(rs-i)-'=(*+i)[z + 1] v,+i. 

A vector v is a. highest weight vector if for Z G Z, A; G Z^o, we have 
a; ■ V — Q, a{k) ■ v — d'^v, a{~k) ■ v — , j ■ v = j' ■ v = 1 

for some complex numbers $^ and ^Zk- Note that $(J^<i>(7 is the powers of (rs). 
We will show that evaluation representations Vn{a) for a G C* are highest weight 
representations . 

It is easy to see from the above proposition that vq is annihilated by all x'^{k). 
The actions of luq and lu'q can be easily computed 

In general, we have 

Proposition 4.5. All finite dimensional irreducible representations ofUr,s{sl2) 
are of highest weight. 



Theorem 4.6. (1) Let V be a finite dimensional highest weight representation 
of Ur.s{s^2), o,nd as an evaluation module for Ur^sish) there exists a polynomial 
P{z) G C[z] such that P(0) ^ and 

" PlrzY 

k=0 ^ ' 

-k _ „degP Qjsz) 



where Q{z) = PHrsY^sP z) 
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(2) For any series of complex number $ = ($^, ^^i^)k& such that ^^^q = 
(rs)" for some integer n, there exists a finite dimensional irreducible highest weight 
module V{^). 

The polynomial P{z) in the theorem is called Drinfel'd polynomial. And the 
following proposition is an example the above theorem. 

Proposition 4.7. For the evaluation representation Vn{a) ofUr^sish), we ob- 
tain the Drinfel'd polynomial as follows. 

n 

P{z) = ^(1 - ar-'=-is'=-"2). 
fe=i 

Proof. We first have 

$+ = (r- s){ar-^s^-'')''[n] 

and 

^Zk = -{r - s)(a-Vi-"s-^)'=[n], 



where [n] = -^7— f^- 

It is easy to see that 

00 n 

^ /-^^ ' \ - ar-^s^-^'z 

fe=0 k=\ 

1 — a{r^^ s)r^'^ z 



1 — a(r is)s "2; 

„ ,1 - a{r-^sfs-^z^,\- air-^sfs-'^z^ ,1 - a(r-^s)'^+^s-''z^ 

= r ( )( )■■■( ) 

^ 1 -a(r-is)s-"2; -a(r-is)2s-"2;^ ^ 1 - a(r-is)"s-"2 ^ 



= r 



P{rz) 



where P{z) = E (1 - a{r-^sYr-^s-''z). 

k=l 

Similarly, we have 



4ef,p Qisz) 



where Q{z) = E (1 - a{r-'^sfr''-'^z) = P{{rsYz). 

k=l 

□ 

The following proposition gives the Drinfeld polynomials for all evaluation rep- 
resentations of two-parameter quantum afBne algebra ZYr,s(sb)- 

Proposition 4.8. For the evaluation representation Wn{o) = of 
two-parameter quantum affine algebra Ur^si^h), we can obtain the eigenvalues ^kj 
in the above proposition 3. 6. as follows: 



= r " • 2 s 



„>o Ri{ur)Qi{us) 
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where 

i 

Q^{z) = ]J(1 - ar-^s^-"-^M)(l - ar^-^s^-^-^u), 

3=1 

n 

i=i 

Proof. It is easy to see that Wn{a) admits a linear space decomposed as 
f^r,s(s'2)— module as follows: 

Wn{a) = Cwo ffi Ctii ® • • • ® CVn- 

It follows from proposition 4.4 that 

x+{k) ■ Vi = a''s-''''{rs-^)-'''[n + 1 - i] Vi-i, 

x-{k) ■ Vi = a'=r"*=(rs-i)-*^('+i)[i + 1] Vi+r- 
So by direct calculation, we get, 
oj{k) ■ Vi 

= (r - s)a'=s-"'=(rs-i)-'=*(rs-i)'=((rs-i)-'=[i + l][n - z] - [n + 1 - ■ Vi 
Then we obtain 

oo 
k=0 

oo 

= r"(rs-^)-' + ^(r - s)a''s-''''{rs-^)-''\rs-^)'' 

k=l 

((rs- + l][n - i] - [n + 1 - 
= r"(r5-^)-' + (r-5)f ^ [i + l][n-i] 

^[n + l-i][i]) 



where 



„ (1 — ars " — ar "u) 
= f"- 's' 1 . . i-^ . . i 

(1 — ar~*s*~"M)(l — ar^~'s*~"~^w) 

^ ^n-^„^ Ri{us)Qi{ur) 

Ri{ur)Qi{us) 

% 

n 

R^{z) = - ar-'s'-"-^u). 

The another relation is similar. Thus we have completed the proof. □ 
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5. Specializations 

5.1 By our previous analysis of Drinfeld polynomials, the theory of finite dimen- 
sional representations of J7r,s(sb) is quite similar to the classical case in the generic 
case when the parameters r and s are independent. When we consider specializa- 
tions of the two parameters r and s, there are some special phenomena. 

(I) If we specialize s to r~^, then the quantum Cartan matrix of J7r,s(sl2) 
becomes 

which is the same to that of the classical case. 

(II) If we specialize s to r, then we have [n] = nr"~^, and the quantum Cartan 
matrix of Ur,s{si2) becomes 

■ 1 1 
1 1 

which implies the group-like elements ui and ui' are in the center of Ur,s{sh)- On 
the other hand, from the actions of generators co, lo': 

u) ■Vi = r'^Vi; iv' ■ Vi = r^vf, cOo ■ Vi = r'^vf, co'q ■ Vi = r^Vi, 

they have the same eigenvalue r", while the finite dimensional representation is 
still irreducible. 

(III) If we specialize r to s*^, where k G Z/{1}, or r and s are independent, 
then we just let = rs~^, quantum Cartan matrix of Ur,s{si2) becomes 

q ^ 

Thus the finite dimensional representation theory is similar to that of one-parameter 
case. 
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